A continuous full-order nonsingular terminal sliding mode control method is investigated for a general dynamic system subject to both matched and mismatched disturbances in this paper. Firstly, the essential dynamics of the original system is established based on the relative degree of system, where the original mismatched disturbances are turned into matched disturbances. Then, a composite control scheme based on the finite-time observer and full-order nonsingular terminal sliding mode control approach is developed to reject the lumped disturbances. Finally, some simulation results demonstrate the effectiveness of the proposed control strategy.
I. INTRODUCTION
External disturbances and system uncertainties almost exist in all practical engineering systems, which always lead to adverse effects on control systems. With the increasing demands on control performance, the research on disturbances and uncertainties rejection has become one of the most attractive and challenging topics in both academic and engineering fields in recent years [1] - [4] .
Various control approaches have been developed to deal with the disturbances and uncertainties, such as H ∞ /H 2 control [5] , adaptive control [6] , finite-time control [7] , [8] , sliding mode control [9] - [11] , and so on. However, these control approaches are known as one-degree-of-freedom control schemes, which means that the (quite often conflicting) requirements of control systems, e.g., tracking performance and disturbance rejection, may cannot be achieved synchronously and perfectly. In other words, the effects of disturbances are rejected at a price of sacrificing the nominal performance.
Nowadays, disturbance observer based control (DOBC) methods, as a two-degree-of-freedom control scheme, have drawn much attention to reject the disturbances [12] - [15] .
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More specifically, the rejector is designed to handle the disturbances, and the controller is developed to achieve the requirements on stability and control performance [16] . In addition, the DOBC methods have been investigated for various engineering systems, such as autonomous underwater vehicles [17] , unmanned aerial vehicles [18] , motor systems [19] , crane systems [20] , and so on. Unfortunately, most of the existing DOBC methods only are able to deal with matched disturbances that enter the system via the same channels as control inputs.
The mismatched disturbances widely exist in practical systems, such as missile systems [21] , manipulator systems [22] , unmanned helicopter systems [23] , DC-AC inverter systems [24] , and so on. Since the mismatched disturbances cannot be compensated by feedforward control technique, it is a quite challenging task to handle mismatched disturbances. Recently, a series of DOBC methods have been developed to deal with the mismatched disturbances. By designing a dynamic sliding surface with the estimation of mismatched disturbances, some new sliding mode control (SMC) approaches are investigated to attenuate the mismatched disturbances [25] - [27] . Additionally, disturbancecompensation-gain construction approaches are employed to remove the effects of the mismatched disturbances from system outputs [28] , [29] . However, almost all the existing DOBC methods only focus on the control design for the mismatched disturbances, rather than the analysis of the essence of the mismatched disturbances, i.e., the impact mechanism of the mismatched disturbances for the system outputs.
In this paper, a new control strategy via the full-order nonsingular terminal sliding mode control approach is developed for a general dynamic system subject to both matched and mismatched disturbances. First of all, the essential dynamics from the control input to the controlled variable is analyzed based on the relative degree of the system. The equivalent total disturbances that contain the original matched and mismatched disturbances are established to capture the key factor that affects the controlled variable. Then, a finitetime observer is designed to estimate the new state variables and the total disturbances simultaneously. Furthermore, a composite control scheme via the full-order nonsingular terminal sliding mode control approach is developed for the control system to reject the total disturbances. Finally, simulation results of the application to the two-mass-spring system demonstrate the effectiveness of the proposed control method.
The rest of the paper is organized as follows. The preliminaries and problem formulation are given in Section 2. The main results are proposed in Section 3. The simulation results are shown in Section 4. Finally, some conclusions are drawn in Section 5.
II. PRELIMINARIES AND PROBLEM STATEMENT A. DEFINITIONS AND LEMMAS
First of all, to illustrate this paper more succinctly, a table of nomenclature is given in the Table 1 .
Consider the dynamic systeṁ
where x ∈ R n , and f (x, t) is a nonlinear function. Suppose the origin is an equilibrium point of system (1). Definition 1 [30] : The origin of the dynamic system (1) is said to be finite-time stable if it is asymptotically stable and any solution x(t, x 0 ) reaches the origin at some finite moment. That is to say, x(t, x 0 ) = 0 for t > T (x 0 ).
Lemma 1 [30] : If there exists a continuous positive definite function V (x) such thaṫ
with some c > 0 and 0 < α < 1, then the origin of dynamic system (1) is finite-time stable. Lemma 2 [31] : If the parameters α i > 0 make the polynomial s n + α n s n−1 + . . . + α 2 s + α 1 be Hurwitz, the origin of the following system
is a globally finite-time stable equilibrium, where
B. PROBLEM FORMULATION
Consider the following general linear system in the presence of both matched and mismatched disturbances, given bẏ
where x = x 1 · · · x n T ∈ R n is the state vector, u ∈ R is the control input, y ∈ R is the output of system, d(x, w, t) ∈ R m denote the lumped disturbances including external disturbances and system uncertainties. In addition, A ∈ R n×n , b ∈ R n×1 , B d ∈ R n×m and c ∈ R 1×n denote the matrices with proper dimension of the dynamic system.
The control task is to design a continuous full-order nonsingular terminal sliding mode control (CFO-NTSMC) scheme for the system to drive the output y to the origin along the full-order sliding-mode surface in finite time even in the presence of both matched and mismatched disturbances.
III. CONTROLLER DESIGN
A. SYSTEM TRANSFORMATION The general dynamic system (4) is subject to both matched disturbances and mismatched disturbances. To the best knowledge of the authors, the existing full-order terminal sliding mode control (FO-TSMC) cannot deal with these mismatched disturbances effectively.
In order to capture the essential dynamics of the system (4), we will transform the original system into an integral chain form.
Assumption 1: The relative degree of the system (4) is r. The relative degree is the minimum number of integrators to illustrate the essential dynamics of the system (4).
Define the new statesx 1 , · · · ,x r asx 1 = y,x 2 = y (1) , · · · , x r = y (r−1) . The integral chain form of the system (4) can be obtained by
where the total disturbances are given by
Remark 1: It is worth noting that the order of the original system (4) is n, while the order of integral chain form system (5) is r that is equal to the relative degree of the original system. Actually, the integral chain form is the essential dynamics of the original system, which only depends on the physical properties of the system, rather than the specific mathematical model. Furthermore, the integral chain system is only subject to matched disturbances, which means that the original mismatched disturbances are turned into matched disturbances [32] .
B. FINITE-TIME OBSERVER
In this subsection, only one sliding mode based finite-time observer is designed to estimate both the states and disturbances of the system (5) .
First of all, a mild assumption for the disturbance D(t) will be given as follows.
Assumption 2: The disturbance D(t) in system (5) is 1st order differentiable, andḊ(t) has a Lipschitz constant L.
The finite-time observer is designed as follows [33] :
where η i (1 ≤ i ≤ r) are the estimations of the state variables x i (1 ≤ i ≤ r), and η r+1 is the estimation of total disturbance D(x, w, t). λ i > 0(1 ≤ i ≤ r + 1) and L > 0 are the coefficients of the observer. The estimation errors are defined by e i = η i −x i (1 ≤ i ≤ r) and e r+1 = η r+1 − D. It follows from [34] that the estimation errors e i (1 ≤ i ≤ r + 1) will converge to zero in finite time t e > 0, which means the estimations satisfy η i (t) =x i (t)(1 ≤ i ≤ r) and η r+1 (t) = D(x, w, t) for t ≥ t e .
C. CONTINUOUS FULL-ORDER NONSINGULAR TERMINAL SLIDING MODE CONTROL
A novel full-order terminal sliding mode surface is designed as
where the parameters α i and β i are chosen as given in Lemma 2.
Theorem 1: For the system (5) with total disturbances D(x, w, t), under the full-order terminal sliding-mode surface (7) and continuous nonsingular terminal sliding-mode control law
with 0 < β < 1, k 1 > 0 and k 2 > 0, the system output y will converge to the origin in finite time.
Proof: The proof of the Theorem 1 is given in the following three steps.
Firstly, we will show that the sliding variable σ will converge to the desired sliding surface σ = 0 in finite time.
Substituting the control law (8) into the sliding-mode surface (7), we can obtain that σ = u s . Taking the time derivative of σ , the closed-loop sliding-mode dynamics is obtained bẏ
Define a finite-time bounded function [35] for system (9) as
Taking the time derivative of the finite-time bounded function (10) along the dynamics (9), we can obtaiṅ
where the index satisfies 0 < 1+β 2 < 1. Therefore, it follows from Lemma 1 that the origin σ = 0 is a finite-time stable equilibrium.
Secondly, we will show that the sliding-mode variable σ and disturbance estimation error e r+1 will not drive the state variablesx i to infinity in finite time.
Considering the sliding mode surface (7), the dynamics of the system (5) can be rewritten by
Define a finite-time bounded function for system (12) as
Taking the time derivative of the finite-time bounded function (13) along the dynamics (12) , and using the inequation |σ | β < 1 + |σ | for 0 < β < 1, we can obtaiṅ 
with
Since both the parameters of K V 2 and L V 2 are positive and bounded, we can obtain that V 2 (σ,x i ), and so the sliding variable σ and state variablesx i will not escape to infinity in any finite time.
Finally, we will show that the system output y will converge to the origin in finite time.
As we know, the sliding variable σ will converge to zero in finite time t σ > 0, which means it is true that σ (t) = 0 for t ≥ t σ . In addition, the estimation error e r+1 will converge to zero in finite time t e > 0, which means it is true that e r+1 (t) = 0 for t ≥ t e . Therefore, the dynamic system (12) will reduce to
for t > t σ + t e . Furthermore, it follows from Lemma 2 that the state variablesx i (1 ≤ i ≤ r + 1) will converge to zero in finite moment t s , which implies that the system output y =x 1 will converge to the origin in a finite time T f = t σ + t e + t s .
IV. APPLICATION TO THE TWO-MASS-SPRING SYSTEM
Continuous full-order nonsingular terminal sliding mode control (CFO-NTSMC) scheme is designed for the well-known two-mass-spring system subject to both matched and mismatched disturbances in this section. The diagram of the two-mass-spring system is shown in Figure. 1.
A. DYNAMIC MODEL
According to the Newton's second law and Hooke's law, the dynamic mode of the two-mass-spring system can be given by [32] , [36] 
where x = x 1 x 2 x 3 x 4 T is the state vector. x 1 and x 3 denote the displacement and velocity of mass m 1 , respectively. x 2 and x 4 denote the displacement and velocity of mass m 2 , respectively. u is the control input applied to mass m 1 , y is the system output, and d = d 1 d 2 T are the lumped disturbances applied to mass m 1 and m 2 , which may contains external disturbances and system uncertainties. In addition, the matrices A, b, B d and c are given as follows:
and c = 0 1 .
As we know, the disturbance d 1 is matched disturbance. The disturbance d 2 acts on the two-mass-spring system via different channel from control input variable u, which is known as mismatched disturbance.
The control objective is to design a continuous full-order nonsingular terminal sliding mode control law u to make the displacement x 2 track the reference trajectory in the presence of lumped disturbances d.
B. CONTROLLER DESIGN
Since the displacement x 2 is selected as the system output, the relative degree of the dynamic mode (16) is r = 4. Therefore, according to Section 3, the integral chain form of system (16) can be obtained by where the state variables are defined asx 1 = x 2 ,x 2 =ẋ 2 , 
where η i (1 ≤ i ≤ 4) are the estimations of state variables
, and η 5 is the estimation of total disturbance D.
The novel full-order terminal sliding mode surface is designed as
where β i (1 ≤ i ≤ 5) satisfy the Lemma 2.
The continuous nonsingular terminal sliding-mode control law is designed as
with 0 < β < 1, k 1 > 0 and k 2 > 0.
C. SIMULATION RESULTS AND ANALYSIS
The desired displacement x 2d (t) is given as follows:
First of all, to demonstrate the capability to deal with the system uncertainties, four cases of parametric perturbations are considered. The parametric perturbation of m 1 and m 2 are set as ±30% and ±50% of the nominal value. The response curves of displacement x 2 (t) are illustrated in Figure 2 . It can be seen that all the displacements x 2 (t) are able to track the reference trajectory exactly and are highly consistent under four cases of parametric perturbations.
Furthermore, to demonstrate the capability to deal with the external disturbances, two cases of external disturbances are considered, which are constant and time-varying disturbances. More specifically, the external disturbances are set as d 1 = 0.1, d 2 = 0.2 and d 1 = 0.1 sin(0.1πt), d 2 = 0.1 cos(0.1π t), respectively. The response curves of displacement x 2 (t) are illustrated in Figure 3 . From figure 3 , we observe that all the displacements x 2 (t) are able to track the reference trajectory exactly under two cases of external disturbances.
To this end, it can be concluded that the proposed control strategy possesses strong robustness to system uncertainties and external disturbances.
V. CONCLUSION
In this paper, a new control scheme is developed for a general dynamic system subject to both matched and mismatched disturbances. The essential dynamics are captured based on the relative degree of the system. The composite control law is designed via the full-order nonsingular terminal sliding mode control approach. Both theoretical analysis and simulation results demonstrate the effectiveness of the proposed control scheme. Future works include the experiment tests for the proposed control scheme on the experimental platform.
